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In the present paper we consider the Toeplitz-T α

h̄ and differentiation-Dδ

operators on the Besov spaces Bp(β ) for all 0 < p < ∞. We show that
T α

h̄ : Bp(β ) → Bp(β ) for h̄ ∈ H∞(Bn) and Dδ : Bp(β ) → Bp(β̃ ), where

β̃ = β + pδ .
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Introduction and Basic Constructions. Let denote the complex Euclidean
space of a dimension n by Cn. For any points z = (z1, . . . ,zn), ζ = (ζ1, . . . ,ζn) in Cn,
we define the inner product by 〈z,ζ 〉 = z1ζ 1 + . . . + znζ n and note that
|z|2 = |z1|2 + . . .+ |zn|2. We denote the open unit ball and its boundary, i.e. the unit
sphere, in Cn by Bn = {z ∈ Cn, |z| < 1} and Sn = {z ∈Cn |z| = 1}. Further, we
denote by H(Bn) the set of holomorphic functions on Bn and by H∞(Bn) the set of
bounded holomorphic functions on Bn.

If f ∈ H(Bn), then f (z) = ∑
m

amzm (z ∈ Bn), where the sum is taken over all

multiindices m = (m1, . . . ,mn) with nonnegative integer components mk and
zm = zm1

1 . . .zmn
n . Assuming that |m| = m1 + . . .+mn and putting fk(z) = ∑

|m|=k
amzm

for any k ≥ 0, one can rewrite the Taylor expansion of f by

f (z) =
∞

∑
k=0

fk(z), (1)

which is called homogeneous expansion of f , since each fk is a homogeneous
polynomial of degree k.

Further, for a holomorphic function f and for a real parameter δ we define the
operator of differentiation Dα as follows:

Dδ f (z) =
∞

∑
k=0

(k+1)δ fk(z).
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In particular, if δ = 1, then we write D1 f (z) = D f (z).
The following properties of D are evident

|Dδ (1−〈z,ζ 〉)−α | ≤C|1−〈z,ζ 〉|−α−1−δ , (2)

Dδ D f (z) = Dδ+1D f (z)C|1−〈z,ζ 〉|−α−1−δ , (3)

f (z) =
∫ 1

0
D f (〈r,z〉)dr. (4)

Throughout the paper the capital letters C(...) and Ck stand for different
positive constants depending only on the parameters indicated.

We define the holomorphic Besov spaces on the unit ball as follows [1].
D e f i n i t i o n . Let β + p−n > 0, 1≤ p < ∞. A function f ∈H(Bn) is said

to be of Bp(β ), if

Mp
f (β ) =

∫
Bn

|D f (z)|pdν(z)
(1−|z|2)n+1−β−p <+∞,

where dν is the volume measure on Bn, normalized so that ν(Bn) = 1.
We introduce the norm in Bp(β ) by ‖ f‖Bp(ω) = M f (ω) ( (| f (0)| is not to be

added, since D f = 0 implies f = 0 for a holomorphic function f ). Besides, it is easy
to check, that if p > 1, n = 1 and β = 0, then Bp(β ) becomes the classical Besov
space [2, 3].

In particular, for p = +∞ we shall write B∞(β ) = Bβ , where Bβ denotes the
β -weighted Bloch space on the ball [4].

In [5–7], one can see some other definitions and some characterizations of
holomorphic Besov spaces on Bn.

Let 1 ≤ p < ∞ and f ∈ Bp(β ). Further, let β + p− n > 0. Then the function
D f (z) has the representation

D f (z) =C(n,β )
∫
Bn

(1−|ζ |2)β D f (ζ )
(1−〈z,ζ 〉)n+1+β

dν(ζ ), z ∈ Bn. (5)

This is a simple consequence from the one-dimensional case (for details, see [8, 9]).
The following auxiliary lemmas will be used.

L e m m a 1. Let f ∈ Bp(β ), 0 < p < ∞. Then

|D f (z)| ≤
‖ f‖Bp(β )

(1−|z|2)1+β/p , z ∈ Bn.

See the proof in [1], Lemma 2.
L e m m a 2. If 1≤ p < ∞ and f ∈ Bp(β ), then

| f (z)| ≤C
∫
Bn

(1−|ζ |2)β |D f (ζ )|
|1−〈z,ζ 〉|n+β

dν(ζ )

for β > n− p.
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P r o o f . Obviously, by (4) and (5) we get

f (z) =C(n,β )
1∫

0

∫
Bn

(1−|ζ |2)β D f (ζ )
(1− r〈z,ζ 〉)n+1+β

dν(ζ )dr =

=C(n,α)
∫
Bn

(1−|ζ |2)β D f (ζ )
∫ 1

0

drdν(ζ )

(1− r〈z,ζ 〉)n+1+β
=

=C(n,β )
∫
Bn

(1−|ζ |2)β ((1−〈z,ζ 〉)n+β −1)
〈z,ζ 〉(1−〈z,ζ 〉)n+β

D f (ζ )dν(ζ ).

So we have

f (z) =C(n,β )
∫
Bn

(1−|ζ |2)β g(〈z,ζ 〉)
(1−〈z,ζ 〉)n+β

D f (ζ )dν(ζ ). (6)

It is clear that g(〈z,ξ 〉) = (1 − 〈z,ξ 〉)n+m+1 − 1)/〈z,ξ 〉 is bounded in Bn.
Hence, the desired statement follows. �

L e m m a 3. Let f ∈ Bp(β ) for some 0 < p≤ 1. Then ∫
Bn

|D f (z)|(1−|z|
2)β/p

(1−|z|2)n dν(z)

p

≤
∫
Bn

|D f (z)|p (1−|z|
2)p+β

(1−|z|2)n+1 dν(z).

P r o o f . We have |D f (z)|= |D f (z)|p|D f (z)|1−p. By Lemma 1, we get

|D f (z)| ≤ |D f (z)|p
‖ f‖1−p

Bp(β )

(1−|z|2)(1−p)β/p+1 .

Therefore,

|D f (z)|(1−|z|
2)β/p

(1−|z|2)n ≤ |D f (z)|p‖ f‖1−p
Bp(β )

(1−|z|2)β+p

(1−|z|2)n+1

and, by integration over Bn, we get∫
Bn

|D f (z)|(1−|z|)
β/p

(1−|z|)n dν(z)≤ ‖ f‖1−p
Bp(β )

∫
Bn

|D f (z)|p (1−|z|)
β+p

(1−|z|)n+1 dν(z). �

L e m m a 4. [9]. Let γ >−1 and β − γ > 0. Then∫
Bn

(1−|ζ |2)γdν(ζ )

|1−〈z,w〉|β+n+1 ≤
C

(1−|z|2)β−γ
.

It is well known that there exists a function K : Bn×Bn → C analytic with
respect to the first entry and conjugate analytic with respect to the second entry, such

that for every f ∈ L2(Bn) and every w ∈ Bn we have P f (w) =
∫
Bn

f (z)K(z,w)dν(z),

where K(z,w) = (1− 〈z,w〉)−n−l. If h̄ ∈ L∞(Bn) we can construct the so called
Toeplitz operator Th̄, where Th̄ = PMh̄ by definition. The symbol Mh̄ stands for the
standard multiplication operator. Therefore, we can write

T α

h̄ ( f )(z) =
∫
Bn

(1−|ξ |2)α f (ξ )h(ξ )d(ν)
(1−〈z,ξ 〉)n+α+1 . (7)
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In the present paper we consider the integral operator of the form (7) and prove
the boundedness of this operator on Bp(β ) for all 0 ≤ p < ∞. Next we show that
Dδ : Bp(β )→ Bp(β̃ ), where β̃ = β + pδ .

Main Results.
T h e o r e m 1. Let 0 < p < ∞, h̄ ∈ H∞(Bn), then T α

h̄ : Bp(β )→ Bp(β ).
P r o o f . Let p ≥ 1 and h̄ ∈ H∞(Bn). We show that T α

h̄ ( f ) ∈ Bp(ω) for any
f ∈ Bp(ω). By Lemma 2, we have

| f (ξ )| ≤C
∫
Bn

(1−|t|2)β |D f (t)|
|1−ξ , t〉|β+n dν(t).

a) Let p > 1. By Hölders inequality and by Lemma 4, we have

| f (ξ )|p ≤ C
(1−|ξ |2)(β−1)p/q

∫
Bn

(1−|t|2)β p|D f (t)|p

|1−〈ξ , t〉|β+n dν(t).

Then we get

|DT α

h̄ f (z)|p ≤

 ∫
Bn

(1−|ξ |2)α | f (ξ )| · |h(ξ )|dν(ξ )

|1−〈z,ξ 〉|n+2+α

p

≤

≤ ||h||∞
(1−|z|2)p/q

∫
Bn

(1−|ξ |2)α | f (ξ )|pdν(ξ )

|1−〈z,ξ 〉|n+2+α

and

I ≡
∫
Bn

|DT α

h̄ f (z)|pdν(z)

(1−|z|2)n+1−p−β
≤

∫
Bn

(1−|t|2)β p|D f (t)|p×

×
∫
Bn

(1−|ξ |2)α−(β−1)p/q

|1−〈ξ , t〉|β+n

∫
Bn

(1−|z|2)β−ndν(z)dν(ξ )dν(t)
|1−〈z,ξ 〉|n+2+α

.

Using Lemma 4, we then obtain

I ≤
∫
Bn

(1−|t|2)β p|D f (t)|p
∫
Bn

(1−|ξ |2)β−n−1−(β−1)p/qdν(z)dν(ξ )

|1−〈ξ , t〉|n+β
=

= ||h̄||∞
∫
Bn

|D f (ξ )|pdν(ξ )

(1−|ξ |2)n+1−p−β
≤ || f ||pBp(β )

||h̄||∞.

b) Let now p = 1. We have∫
Bn

|DT α

h̄ f (z)| dν(z)
(1−|z|2)n−β

≤ ||h̄||∞
∫

Bn

(1−|w|2)β |D f (w)|
|1−〈ξ ,w〉|β+n

∫
Bn

(1−|ξ |2)α

|1−〈z,w〉|n+β+2×

×
∫
Bn

dν(z)dν(ξ )dν(w)
|1−|z|2)n−β

=

= ||h̄||∞
∫
Bn

(1−|w|2)β |D f (w)|
∫
Bn

(1−|ξ |2)α

|1−〈ξ ,w〉|n+β

∫
Bn

dν(z)dν(ξ )dν(w)
(1−|z|2)n−β |1−〈z,ξ 〉|n+2+α

≤
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≤ ||h̄||∞
∫
Bn

(1−|w|2)β |D f (w)|
∫
Bn

dν(ξ )dϑ(w)
|1−〈ξ ,w〉|β+n(1−|ξ |2)n+1−β

≤

≤ ||h̄||∞
∫
Bn

|D f (w)|(1−|w|
2)β dν(w)

|1−|w|2)n = ||h||∞
∫

Bn

|D f (w)|dν(w)
(1−|w|2)n−β

= || f ||Bp(β )||h̄||∞.

c) Let 0 < p < 1 and h̄ ∈H∞(Bn). We show that T α

h̄ : Bp(β )→ Bp(β
∗), where

β ∗ = −pα +α +1− p+m−mp and m > −n/p. Using the properties of Bp(β )
(see [1]) and Lemma 3, we get

| f (ξ )|p ≤
∫

Bn

(1−|t|2)(m+n+1)p−n−1|D f (t)|p

|1−〈ξ , t〉|(m+n)p
dν(t)

for sufficiently large m and

|DT α

h̄ f (z)|p ≤ ||h̄||p∞
∫
Bn

(1−|ξ |2)p(α+1+n)−n−1| f (ξ )|pdν(ξ )

|1−〈z,ξ 〉|(n+2+α)p
.

By Lemma 4, we obtain∫
Bn

|DT α

h̄ f (z)|pdν(z)

(1−|z|2)n+1−p−β
≤ ||h||p∞

∫
Bn

1
(1−|z|2)n+1−p−β

×

×
∫
Bn

(1−|ξ |2)p(α+n+1)−n−1

|1−〈z,ξ 〉|(n+2+α)p

∫
Bn

(1−|t|2)(β+n+1)p−n−1|D f (t)|p

|1−〈ξ , t〉|(β+n)p
dν(t)dν(z)dν(ξ ) =

= ||h̄||p∞
∫
Bn

(1−|t|2)(m+n+1)p−n−1|D f (t)|p
∫
Bn

(1−|ξ |2)p(α+n+1)−n−1

|1−〈ξ , t〉|(n+m)p
×

×
∫
Bn

(1−|z|2)β+p−n−1

|1−〈z,ξ 〉|(n+2+α)p
dν(z)dν(t)dν(ξ )≤

≤ ||h̄||p∞
∫
Bn

(1−|t|2)(m+n+1)p−n−1|D f (t)|p
∫
Bn

(1−|ξ |2)p(β−n−1

|1−〈ξ , t〉|(n+m)p
≤

≤ ||h̄||p∞
∫
Bn

(1−|t|2)(m+n+1)p−n−1|D f (t)|pdν(t)
(1−|t|)(m+n)p−β

=

= ||h̄||∞
∫
Bn

|D f (ξ )|pdϑ(ξ )

|1−|ξ |2)n+1−p−β
≤ || f ||pBp(ω)||h̄||∞. �

C o r o l l a r y . Let f ∈ Bp(β ), ‖ f‖Bp(β ) ≤ 1, h̄ ∈ H∞, 0 < p < ∞. Then
there exists a constant C independent of f and h̄ such that

‖Th̄‖ ≤C‖h̄‖H∞ . (8)

P r o o f . According to the proof of Theorem 1, we have: if f ∈ Bp(β ),
h̄ ∈ H∞, 0 < p < ∞, then Th̄( f ) ∈ Bp(β ) and ‖Th̄( f )‖Bp(β ) ≤C‖ f‖Bp(β )‖h̄‖∞. �

The next theorem is about the boundedness of Dδ on Bp(β ).
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T h e o r e m 2. Let 0 < p < ∞. Then Dδ Bp(β )→ Bp(β̃ ), where β̃ = β +δ p.
P r o o f . Let f ∈ Bp(β ) and F(z) = Dδ f (z). We show that F ∈ Bp(β̃ ).

By (6) we have

f (z) =C(n,β )
∫
Bn

(1−|ζ |2)β

(1−〈z,ζ 〉)n+β
D f (ζ )dν(ζ ),

|DF(z)| ≤C(n,β )
∫

Bn

(1−|ζ |2)β g(〈z,ζ 〉)
|1−〈z,ζ 〉|n+1+β+δ

|D f (ζ )g(〈z,ζ 〉)|dν(ζ ).

Using Hölder’s inequality, for p > 1 we get

|DF(z)|p ≤C(n,β )
∫
Bn

(1−|ζ |2)pβ |D f (ζ )|p

|1−〈z,ζ 〉|β+δ+n+1 dν(ζ )×

×

 ∫
Bn

dν(ζ )

|1−〈z,ζ 〉|β+δ+n+1

p/q

≤

≤ C(n,β )
(1−|z|)(β+δ )p/q

∫
Bn

(1−|ζ |2)β p|D f (ζ )|p

|1−〈z,ζ 〉|β+δ+n+1 dν(ζ ).

In the last inequality we have used Lemma 2. Therefore, changing the integration
order and using Lemma 2 again, we get

‖F‖Bp(β̃ )
=

∫
Bn

|DF(z)|pdν(z)

(1−|z|2)n+1−p−β̃
=

=C(n,β )
∫
Bn

(1−|ζ |2)β p|D f (ζ )|pdν(ζ )

(1−|ζ |2)β+δ−β̃−p+n+1+(β−δ )p/q
=

=C(n,β )
∫
Bn

|D f (ζ )|pdν(ζ )

(1−|ζ |2)n+1−β−p = ‖ f‖Bp(β̃ )
.

Let 0 < p≤ 1. Then, using Lemma 4, we get

|DF(z)|p �C(n,m)
∫
Bn

(1−|ζ |2)(n+1)p+mp|D f (ζ )|p

|1−〈z,ζ 〉|(m+n+δ+1)p(1−|ζ |2)n+1 dν(ζ )

for sufficiently large m. Then∫
Bn

|DF(z)|p (1−|z|
β̃ dν(z)

(1−|z|2)n+1−p =
∫
Bn

|D f (ζ )|p(1−|ζ |2)(n+1)p+mp−n−1×

×
∫
Bn

(1−|z|)β̃+p−n−1dν(z)dν(ζ )

|1−〈z,ζ 〉|(m+n+1+δ )p
=

∫
Bn

|D f (ζ )|pdν(ζ )

(1−|ζ |2)pδ−p−β̃+n+1
= ‖ f‖Bp(β ). �
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