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We bring an example of integrable function on [0, 1]2, so that the double Fourier—Haar
series has a subseries, whose majorant of partial sums does not belong to L.
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Introduction. We construct an example of double Fourier—Haar series with a sub-
series having nonregular distribution of the majorant. In order to formulate the results recall
the definition of Haar system on [0, 1] as follows.

The first Haar function is: x;(x) = 1. Then for n = 2F 4 i, where i = 1,2,...,2%,
k=0,1,2,..., denote

L i—1 2i—1
22, if 7§x< SR
k 2i—1 i
k -7, if =—— —
xn(x):xi()(x): 272, if 2k+1 Sx<2k’ @))]
. i—1 i
0, if x¢ |:2k’2k>
1
Forn = 2%+ denote {n} = suppx, = %’i .

We say a function f is A-integrable on a set G, if Alim A-mes{x € G: |f(x)] >
—yo0
> A} = 0 and the limit

Jim [ [)hdx = (4) [ fx)ax @
exists, where .
ool ={ §00 Bl ©

Preliminary Theorems. The following theorem was proved in [[1].
Theorem Al Letthe series
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n=1
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be Fourier—Haar series of some integrable function and &,, n € N, be a bounded sequence.

Then the series Z €40, Xn(x) is a Fourier—Haar series of an A-integrable function, i.e. there
n=1
exists an A-integrable function f¢, so that for any n we have

Enttn = (A) /O ()2 (),

Theorem All]in case €, =0 or 1 was stated by L.A. Balashov [2].
It can also be proved applying the following theorems from [/1].
Theorem A 2. The conditions

- 1/2
lim A - 1]: e =
AILEOA mes < x € [0,1] {;la,,xn(x)} >Ap=0 5)
and
N
lim A -mes{ x € [0,1]:S"(x) :=sup| Y anyu(x)|>Ap=0 (6)
A—re N |n=1

are equivalent to each other.

Theorem A 3. If the series satisfies the condition (€)), then it is a Fourier—
Haar series in the sense of A-integrability.

The following theorem is proved in [3]].

Theorem A 4. The condition (5) is satisfied if and only if for any bounded

- oo
sequence {en} the series ananxn(x) is a Fourier—Haar series in the sense of
n=1
n=1

A-integrability.
In particular, it was proved in [I], that if the function S*(x,y) =
2k

Z A Xm (X)X’l (y)

m,n=1

= sup satisfies a condition analogous to , then the series

Z WnnXm (X)Xn(y) is a Fourier-Haar series of an A-integrable function in the sense of
mn=1
A-integrability. Nevertheless, in contrast to the one dimensional case, the analogue of
Theorem All does not hold for the double Fourier-Haar series.

Main Result. .

Theorem 1. Thereexistsaseries Y dmnXm(x)Xn(y), which is a Fourier—Haar
m,n=1
series of Lebesgue integrable function on [0,1]? and a sequence &,, = 0, 1, (m,n) € N2,
such that
limsupA -mes{x € [0,1]% : §*(x,y) > A} = oo, ™)

A—roo

ok
where S*(x,y) = sup; Z Emnun Xom (X) Xn (V) | -

m,n=1
Proof. Itis known and easy to verify that the 2*th square partial sums of the series

o

Z A Xm (X) Xn(¥), wWhere ap, = apa, and a, = ¥, (40), 8)

m,n=1
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satisfy the equality (see [4])
2k
O(x,y) := Z o Xom (%) X (¥) =
2k 2k m,n=1 (9)
Z @ Xom (X) Z anXn(y) = 22]{]1[0,2%]2()(;)7)'
m=1 n=1

For any positive sequence «;, j € N, satisfying

Y o <o, (10)
j=1
and for any increasing sequence k; € N, satisfying
/Cj+1>3~kj7 (11)
the series N .
Y (., (x.) = O (x,3)) = ) 0¥ (x.y) (12)
j=1 j=1

is a Fourier—Haar series of a Lebesgue integrable function.

Indeed, it follows from (EI) that ||¥;||; < 2. Therefore, applying and taking into
account the orthogonality of the functions ¥, j € N, one can obtain that the series (@) isa
Fourier—Haar series of its sum, which is an integrable function.

Note, that if m =27 + 1, then a,,, = 2%, Hence, the condition lb guarantees for the

sum (see also (1))
3k,

. ey i—
giy)i= Y 22y P 4Py (13)
p:k2j+l

to be a subsum of the finite sums
P(xy) = Y A 2o (%) Xn (¥ (14)
ok2j <max(m,n)§2k2/”rl
i.e. there exist numbers &,,,, = 0 or 1, so that
gj(x,y) = Z smnamnxm(x))(n(}))~ (15)
ok2j <max(m,n)§2k2f+1

For a fixed j € N consider the rectangle A} = supp (xfp )751(41(2-"7]7 )).

Obviously mes(A}) = 272, It is not hard to verify that a quarter of each
rectangle AJ, does not intersect the other rectangles, so we have

‘ . 1 .
mes Aj,\ U A > Zmes(A},). Thus we get
P'#p
3ka ky; 3ka; ) .
mes(Fj) >~ ) 2% > 7’ 27 where Fji= (AN U AL (6)
p=kyj+1 p=koj+1 P'#p
Obviously (see (I)) and (13))
22](2]' (p) (4k2j—p) ‘ _ 24k2j f cF;. 17
oy + 193k, X ()X ») or (x,y) € F; (17

Take k; = 2% and o = 27J. We claim that the series satisfies the conditions of
Theorem[I] We have already noted that (I2)) is a Fourier—Haar series. Since (T3) is a subsum
of (T4)), for corresponding €,,, = 0, 1 the series

Z 27}4 Z EmnAmnXm (X)Xn (Y) = Z 27jgj (x,)’) (18)
Jj=1 j=1

2k2j <max(m,n)§2k2/'Jrl
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can be considered as a subseries of (12).
Denote by S*(x,y) the majorant of 2%th square partial sums of the series

o

Z 27/g;(x,y), considered as a double Haar series.

j=1
It follows from (T6) and (T7), that
S*(x,y) 2717122 for (x,y) € F}, (19)
and 4j+2
mes(Fj) > 24127277, (20)
Thus, for A; =27/72. 22" e have
Aj-mes{(x,y) € [0,1]7: §"(x,y) > A;} > 22
Hence,
11msup7L -mes{(x,y) €[0,1]*: §*(x,y) > A} = co. O
It follows from 6 l 7)), that the series Z AmnXm (X)X (y) does not satisfy
(m,n)eN?
12
11m A -mes< (x,y Z axE (K2 () >Ap=0. 21
(m,n)eN?

On the other hand, taking into account that Z AmnXm(X)Xn(y) is a Fourier-Haar series,

(m,n)EN2
we get
2k
lim A -mes{(x,y) €[0,1]? : sup Y @@ (y)| > l} =0. (22)
A—reo k |mn=1

Hence, generally speaking (21) does not follow from (22).
It is interesting to find out whether the condition (21 implies (22)). If it is the case,

then the following will take place: if the series Z An Xom (%) X (¥) satisfies lb then the

m,n=1

series Z EmnlmnXm(X)Xn(v) is a Fourier-Haar series in the sense of A-integrability for any
m,n=1

bounded sequence &, (m,n) € N2,
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