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In the paper [1] particulary a concept of 〈ρ j, Wj〉 absolutely monotone
function was introduced. In the present paper some representation problems of
such functions are investigated. The proofs of some fundamental lemmas and
the main theorem are given.
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1. Introduction. Preliminary information was given in the first part of this
research [2]. Here we will bring the definitions of fundamental operators and function
systems. We denote

A∗n f (x)≡
n

∏
j=0

D j f (x), n≥ 0, D j f (x) = D1/ρ j

{
f (x)

Wj(x)

}
, j ≥ 0,

Ã∗n f (x) = D−αn

{
A∗n−1 f (x)

Wn(x)

}
, n≥ 0, A∗−1 f (x)≡ f ,

where ρ0 = 1, ρ j ≥ 1, j ≥ 1, 1−α j =
1
ρ j

,W0 ≡ 1, 0 <Wj(x) ∈C∞[0, l),

U0(x)≡ 1, U1(x) =
1

Γ(ρ−1
1 )

∫ x

0
ξ

1/ρ1−1
1 W1(ξ1)dξ1, . . . ,

Un(x) =
1

n

∏
j=1

Γ(ρ−1
j )

∫ x

0
W1(ξ1)dξ1

∫
ξ1

0
(ξ1−ξ2)

1/ρ1−1W2(ξ2)dξ2×·· ·×

×
∫

ξn−1

0
(ξn−1−ξn)

1/ρn−1−1
ξ

1/ρn−1
n Wn(ξn)dξ1, n≥ 2,
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Φ0(t,x) =
{

1, 0≤ t < x < l,
0, x≤ t < l,

Φ1(t,x) =


1

Γ(ρ−1
1 )

∫ x

t
(ξ1− t)

1
ρ1
−1W1(ξ1)dξ1, 0≤ t < x < l,

0, x≤ t < l,

Φn(t,x) =



1
n

∏
j=1

Γ(ρ−1
j )

∫ x

t
W1(ξ1)dξ1

∫
ξ1

t
(ξ1−ξ2)

1
ρ1
−1W2(ξ2)dξ2×·· ·×

×
∫

ξn−1

t
(ξn−1−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn, 0≤ t < x < l,

0, x≤ t < l.

2. Some Lemmas.
L e m m a 2 . 1 . Let f (x) ∈C∞{[0, l),〈ρ j, Wj〉},

{
Wj(x)

}∞

0 ∈ W̄ and

|Ã∗j f (t)| ≤
CΓ(1−λ j)

(d− t)λ j
· 1

j

∏
i=1

mi(t,d)

, j ≥ 1, 0≤ t < d < l, (2.1)

where λ j =
j

∑
k=1

1
ρk

, mi(t,d) = min
x∈[t,d]

Wi(x). Then for any x0 (0 ≤ x0 < l) there exists

δ > 0 such that for any x ∈ [x0,x0 +δ ] we have the equality

lim
n→∞

∫ x

x0

Φn(t,x)A∗n f (t)dt = 0. (2.2)

P r o o f . Using the definition of the operators A∗n, Ã∗n, it is easy to obtain

∫ x

x0

Φn(t,x)A∗n f (t)dt =
∫ x

x0

Φn(t,x)
d
dt
{Ã∗n f (t)}dt =

=Φn(t,x)Ã∗n f (t)
∣∣∣x
x0
+
∫ x

x0

Ã∗n f (t)
d
dt
{−Φn(t,x)}dt = (2.3)

=−Φn(x0,x)Ã∗n f (x0)+
∫ x

x0

Ã∗n f (t)
d
dt
{−Φn(t,x)}dt.

Since
d
dt
{−Φn(t,x)} ≥ 0 (Lemma 2.3, [2]) and Φn(x0,x)> 0, if 0≤ x0 < t <

< x < x∗0 < l, according to (2.1) and (2.3), we obtain∣∣∣∫ x

x0

Φn(t,x)A∗n f (t)dt
∣∣∣≤ ∣∣∣Ã∗n f (x0)

∣∣∣Φn(x0,x)+
∫ x

x0

∣∣∣Ã∗n f (t)
∣∣∣ d
dt
{−Φn(t,x)}dt ≤

≤ CΓ(1+λn)

(x∗0− x)λn
· Φn(x0,x)

n

∏
j=1

m j(x0,x
∗
0)

+
∫ x

x0

CΓ(1+λn)

(x∗0− t)λn

n

∏
j=1

m j(t,x∗0)

d
dt
{−Φn(t,x)}dt ≤
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≤ 2
CΓ(1+λn)

(x∗0− x)λn
· Φn(x0,x)

n

∏
j=1

m j(x0,x
∗
0)

. (2.4)

Using the definition of the function Φn(x0,x), we can obtain the estimate

Φn(x0,x)≤

n

∏
j=1

M j(x0,x)

Γ(1+λn)
(x− x0)

λn ≤

n

∏
j=1

M j(x0,x
∗
0)

Γ(1+λn)
(x− x0)

λn . (2.5)

From (2.4) and (2.5) we obtain∣∣∣∫ x

x0

Φn(t,x)A∗n f (t)dt
∣∣∣≤ 2C

n

∏
j=1

M j(x0,x
∗
0)

m j(x0,x
∗
0)

(x− x0

x∗0− x

)λn
. (2.6)

Since
{

Wj(x)
}∞

0 ∈ W̄ , the sequence
{

Wj(x)
}∞

0 has the property “ε” [2], consequently,

if
x− x0

x∗0− x
< ε, then the right side of (2.6) vanishes when n→ ∞. It is easy to see that

0 < δ <
ε

1+ ε
(x∗0− x0). �

L e m m a 2 . 2 . If f (x) ∈C∞

{
[0, l), 〈ρ j, Wj〉

}
,
{

Wj(x)
}∞

0 ∈ W̄ , and
A∗j f (x)≥ 0, j≥ 0, then for any x0 ∈ [0, l) there exists δ > 0 such that the equality

lim
n→∞

∫ x

x0

Φn(t,x)A∗n f (t)dt = 0 (2.7)

holds for any x ∈ [x0,x0 +δ ].
P r o o f . In [3] it is shown, that

f (x) =
n

∑
k=0

Ã∗k f (0)Uk(x)+
∫ x

0
Φn(t,x)A∗n f (t)dt. (2.8)

From the definition of the operators A∗n, Ã∗n it follows that Ã∗n f (x) ≥ 0 and
d
dx

Ã∗n f (x) = A∗n f (x)≥ 0. Taking x∗0 ∈ [0, l), it is obvious, that

f (x∗0)>
∫ x∗0

0
Φn(t,x∗0)A

∗
n f (t)dt. (2.9)

Using Lemma 3.4 [1] and the formula (2.10), [4], we can get∫ x∗0

0
Φn(t,x∗0)A

∗
n f (t)dt =

∫ x∗0

0
Φn(t,x∗0)Wn+1(t)

A∗n f (t)
Wn+1(t)

dt =

=
∫ x∗0

0

d
dt

{
−D−αn+1

x∗0
Φn+1(t,x∗0)

} A∗n f (t)
Wn+1(t)

dt =

=
∫ x∗0

0

{
− d

dt
Φn+1(t,x∗0)

}
0
D−αn+1

{ A∗n f (t)
Wn+1(t)

}
dt = (2.10)

=
∫ x∗0

0

{
− d

dt
Φn+1(t,x∗0)

}
Ã∗n+1 f (t)dt ≥

≥
∫ x∗0

x

{
− d

dt
Φn+1(t,x∗0)

}
Ã∗n+1 f (t)dt ≥

≥ Ã∗n+1 f (x)
∫ x∗0

x

{
− d

dt
Φn+1(t,x∗0)

}
dt = Ã∗n+1 f (x)Φn+1(x,x∗0).
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From the definition of the function Φn+1(x,x∗0) we can get the estimation

Φn+1(x,x∗0)≥
n+1

∏
j=1

m j(x,x∗0) ·
(x∗0− x)λn+1

Γ(1+λn+1)
, (2.11)

where m j(x,x∗0) = min
t∈[x,x∗0]

Wj(t). From (2.10) and (2.11) it follows that

Ã∗n+1 f (x)≤
f (x∗0)Γ(1+λn+1)

(x∗0− x)λn+1
· 1

n+1

∏
j=1

m j(x,x∗0)

. (2.12)

Note that (2.12) is similar to the condition (2.1) of Lemma 2.1. �
L e m m a 2 . 3 . If f (x) ∈ D

{
[0, l),〈ρ j, Wj〉

}
, then for any k ≥ 0, n≥ 0

A∗k
(∫ x

0
Φn(t,x)A∗n f (t)dt

)
≥ 0, (2.13)

Ã∗k
(∫ x

0
Φn(t,x)A∗n f (t)dt

)
≥ 0. (2.14)

P r o o f . Note that from the definition of the operators A∗k and Ã∗k it follows
that the inequality (2.14) holds, whenever (2.13) is true. Since Φn(t,x) ≡ 0, when
n≥ 0 and x≤ t < l < ∞, we shall prove (2.13) for 0≤ t < x < l. We denote

ψn−k

(
t,x,
{

Wj
}n

k+1

)
≡ 1

n

∏
j=k+1

Γ(ρ−1
j )

∫ x

t
(x−ξk+1)

1
ρk
−1Wk+1(ξk+1)dξk+1×

×
∫

ξk+1

t
(ξk+1−ξk+2)

1
ρk+1
−1Wk+2(ξk+2)dξk+2×·· ·× (2.15)

×
∫

ξn−1

t
(ξn−1−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn, 0≤ t < x < l, 0≤ k ≤ n−2,

ψ1

(
t,x,
{

Wn
})

=
1

Γ(ρ−1
n )

∫ x

t
(x−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn. (2.16)

Let k = 0. Using the definition of the operator A∗0, we have

A∗0
(∫ x

0
Φn(t,x)A∗n f (t)dt

)
=

d
dx

(∫ x

0
Φn(t,x)A∗n f (t)dt

)
= Φn(x,x)A∗n f (x)+

+
∫ x

0

d
dx

{
Φn(t,x)

}
A∗n f (t)dt =

∫ x

0

d
dx

{
Φn(t,x)

}
A∗n f (t)dt =

=
∫ x

0
A∗n f (t)dt

d
dx

{( n

∏
j=1

Γ(ρ−1
j )
)−1 ∫ x

t
W1(ξ1)dξ1

∫
ξ1

t
(ξ1−ξ2)

1
ρ1
−1W2(ξ2)dξ2×
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×·· ·×
∫

ξn−1

t
(ξn−1−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn

}
= (2.17)

=
W1(x)

n

∏
j=1

Γ(ρ−1
j )

∫ x

0
A∗n f (t)

(∫ x

t
(x−ξ2)

1
ρ1
−1W2(ξ2)dξ2 · · ·

· · ·
∫

ξn−1

t
(ξn−1−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn

)
dt =

=
W1(x)

Γ(ρ−1
1 )

∫ x

0
A∗n f (t)ψn−1

(
t,x,
{

Wj
}n

2

)
dt ≥ 0.

Suppose k = 1. Using the definition of the operator A∗1 and the formula (2.17),
changing the integration order and taking into account the equation∫ x

t
(x− τ)α1−1(τ− t)

1
ρ1
−1dτ = Γ(α1)Γ(ρ

−1
1 ), since, Γ

(
α1 +

1
ρ1

)
= 1,

we get

A∗1
(∫ x

0
Φn(t,x)A∗n f (t)dt

)
= D1A∗0

(∫ x

0
Φn(t,x)A∗n f (t)dt

)
=

=
1

Γ(ρ−1
1 )

d
dx

D−α1
(∫ x

0
A∗n f (t)ψn−1

(
t,x,
{

Wj
}n

2

)
dt
)
=

=
1

Γ(ρ−1
1 )Γ(α1)

· d
dx

∫ x

0
(x− τ)α1−1dτ

∫
τ

0
A∗n f (t)ψn−1

(
t,τ,

{
Wj
}n

2

)
dt =

=

d
dx

∫ x

0
A∗n f (t)dt

∫ x

t
(x− τ)α1−1dτ

∫
τ

t
(τ−ξ2)

1
ρ1
−1W2(ξ2)ψn−2

(
t,ξ2,

{
Wj
}n

3

)
dξ2

Γ(ρ−1
2 )Γ(ρ−1

1 )Γ(α1)
=

=

d
dx

∫ x

0
A∗n f (t)dt

∫ x

t
W2(ξ2)ψn−2

(
t,ξ2,

{
Wj
}n

3

)
dξ2

∫ x

ξ1

(x− τ)α1−1(τ−ξ2)
1

ρ1
−1dτ

Γ(ρ−1
1 )Γ(ρ−1

2 )Γ(α1)
=

=
1

Γ(ρ−1
2 )
· d

dx

∫ x

0
A∗n f (t)dt

∫ x

t
W2(ξ2)ψn−2

(
t,ξ2,

{
Wj
}n

3

)
dξ2 =

=
1

Γ(ρ−1
2 )
· d

dx

∫ x

0
W2(ξ2)dξ2

∫
ξ2

0
A∗n f (t)ψn−2

(
t,ξ2,

{
Wj
}n

3

)
dt =

=
W2(x)

Γ(ρ−1
2 )

∫ x

0
A∗n f (t)ψn−2

(
t,x,
{

Wj
}n

3

)
dt ≥ 0. (2.18)

By the same argument, in the case 0≤ k ≤ n−2 we have

A∗k
(∫ x

0
Φn(t,x)A∗n f (t)dt

)
=

Wk+1(x)
Γ(ρ−1

k+1)

∫ x

0
A∗n f (t)ψn−k−1

(
t,x,
{

Wj
}n

k+2

)
dt ≥ 0.

Now suppose k = n−1. Using the definition of the operator Dn−1, the formulas (2.16)
(for k = n−2) and (1.19), we obtain
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A∗n−1

{∫ x

0
Φn(t,x)A∗n f (t)dt

}
= Dn−1A∗n−2

(∫ x

0
Φn(t,x)A∗n f (t)dt

)
=

=
1

Γ(ρ−1
n−1)

d
dx

D−αn−1
(∫ x

0
A∗n f (t)ψ1

(
t,x,
{

Wn
})

dt
)
=

=
1

Γ(ρ−1
n−1)Γ(αn−1)

· d
dx

∫ x

0
(x− τ)αn−1−1dτ

∫
τ

0
A∗n f (t)ψ1

(
t,τ,

{
Wn
})

dt =

=

d
dx

∫ x

0
A∗n f (t)dt

∫ x

t
(x− τ)αn−1−1dτ

∫
τ

0
(τ−ξn)

1
ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn

Γ(ρ−1
n )Γ(ρ−1

n−1)Γ(αn−1)
=

=
1

Γ(ρ−1
n )
· d

dx

∫ x

0
Wn(ξn)dξn

∫
ξn

0
(ξn− t)

1
ρn
−1A∗n f (t)dt =

=
1

Γ(ρ−1
n )

Wn(x)
∫ x

0
(x− t)

1
ρn
−1A∗n f (t)dt ≥ 0. (2.19)

Let k = n. Then, using the definition of the operator A∗n and the formula (2.19), we
get

A∗n
{∫ x

0
Φn(t,x)A∗n f (t)dt

}
= DnA∗n−1

(∫ x

0
Φn(t,x)A∗n f (t)dt

)
= · · ·

· · ·= 1
Γ(ρ−1

n )Γ(αn)
· d

dx

∫ x

0
A∗n f (t)dt

∫ x

t
(x− τ)αn−1)(τ− t)

1
ρn
−1dτ = (2.20)

=
d
dx

∫ x

0
A∗n f (t)dt = A∗n f (x)≥ 0,

and finally

A∗n+1

{∫ x

0
Φn(t,x)A∗n f (t)dt

}
= Dn+1A∗n

(∫ x

0
Φn(t,x)A∗n f (t)dt

)
= Dn+1A∗n f (x) =

=
d
dx

D−αn+1

{ A∗n f (x)
Wn+1(x)

}
= A∗n+1 f (x)≥ 0. �

3. Main Theorem.
T h e o r e m . If f (x) ∈ D

{
[0, l), 〈ρ j, Wj〉

}
, where

{
Wj
}∞

0 ∈ W̄ , then

f (x) =
∞

∑
k=0

Ã∗k f (0)Uk(x), x ∈ [0, l). (3.1)

P r o o f . It is known [1], that

f (x) =
n

∑
k=0

Ã∗k f (0)Uk(x)+
∫ x

0
Φn(t,x)A∗n f (t)dt. (3.2)

We note that
n

∑
k=0

Ã∗k f (0)Uk(x) ≤ f (x), and consequently, the series
∞

∑
k=0

Ã∗k f (0)Uk(x)

converges for any x ∈ [0, l), moreover in each interval [0,d], 0 < d < l < +∞, the
convergence is uniformly, since Uk(x)≤Uk(d), x ∈ [0,d]. Consider the sequence
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Rn(x) =
∫ x

0
Φn(t,x)A∗n f (t)dt.

Obviously Rn(x)≥ 0, ∀x∈ [0, l), Rn+1(x)≤ Rn(x), n= 1,2, ..., and consequently
∃ lim

n→∞
Rn(x) = R(x). We denote

g(x) =
∞

∑
k=0

Ã∗k f (0)Uk(x).

Note, that

A∗j f (x) =
n

∑
k= j+1

Ã∗k f (0)A∗j
{

Uk(x)
}
+A∗j

{∫ x

0
Φn(t,x)A∗n f (t)dt

}
. (3.3)

Since A∗j
{

Uk(x)
}
≥ 0, A∗j

{∫ x

0
Φn(t,x)A∗n f (t)dt

}
≥ 0, j,k,n = 0,1, ..., then

n

∑
k= j+1

Ã∗k f (0)A∗j
{

Uk(x)
}
≤ A∗j f (x), j = 0,1, ... (3.4)

From (3.4) it follows that the series
∞

∑
k= j+1

Ã∗k f (0)A∗j
{

Uk(x)
}

converges in [0, l) and,

moreover, it converges uniformly in each interval [0, l2] (where l2 < l), since from
Lemma 2.4 [2] we have
∞

∑
k= j

Ã∗k f (0)A∗j
{

Uk(x)
}
≤ 1

Φ j(x, l2)

∞

∑
k= j

Ã∗k f (0)Uk(l2)≤
1

Φ j(l1, l2)

∞

∑
k= j

Ã∗k f (0)Uk(l2), (3.5)

when 0 < x < l1 < l2 < l.

It is obvious, that if

A∗jg(x) =
∞

∑
k= j+1

Ã∗k f (0)A∗j
{

Uk(x)
}
, (3.6)

then

Ã∗jg(x) =
∞

∑
k= j+1

Ã∗k f (0)Ã∗j
{

Uk(x)
}
, (3.7)

since Ã∗jg(x) = D−α j

{A∗j−1g(x)

Wj(x)

}
. Now let us prove the equality (3.6). Let j = 0 and,

so, A∗0g(x) = g′(x). We denote

∞

∑
k=1

Ã∗k f (0)U ′k(x)≡ ϕ0(x). (3.8)

Note that the terms of the series (3.8) are positive and continuous and, thus, by

Levi theorem, we have
∞

∑
k=1

Ã∗k f (0)
∫ x

a
U ′k(t)dt ≡

∫ x

a
ϕ0(t)dt, 0 < a < x < l, that

is g(x)− g(a) =
∫ x

a
ϕ0(t)dt. Hence, we get g′(x) = A∗0g(x) =

∞

∑
k=1

Ã∗k f (0)U ′k(x). We

suppose that (3.6) is true for j > 0. Let prove the same equality for j+1, that is
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A∗j+1g(x) =
∞

∑
k= j+2

Ã∗k f (0)A∗j+1
{

Uk(x)
}
. (3.9)

Using the definition of the operator Ã∗j+1 and the equation (3.6), we can easily obtain

Ã∗j+1g(x) =
∞

∑
k= j+1

Ã∗k f (0)Ã∗j+1
{

Uk(x)
}
=

∞

∑
k= j+2

Ã∗k f (0)Ã∗j+1
{

Uk(x)
}
, (3.10)

since Ã∗j+1
{

U j+1(x)
}
= 0. We denote

∞

∑
k= j+2

Ã∗k f (0)A∗j+1
{

Uk(x)
}
≡ ϕ j+1(x), x ∈ [0, l).

Note that
∞

∑
k= j+2

Ã∗k f (0)
∫ x

a

d
dt

Ã∗j+1
{

Uk(t)
}

dt =
∫ x

a
ϕ j+1(t)dt

and, so, we get
∞

∑
k= j+2

Ã∗k f (0)Ã∗j+1
{

Uk(x)
}
−

∞

∑
k= j+2

Ã∗k f (0)Ã∗j+1
{

Uk(a)
}
= Ã∗j+1g(x)−

−Ã∗j+1g(a) =
∫ x

a
ϕ j+1(t)dt.

Now it is easy to obtain
d
dx

Ã∗j+1g(x) = ϕ j+1(x), namely A∗j+1g(x) =

=
∞

∑
k= j+2

Ã∗k f (0)A∗j+1
{

Uk(x)
}
. Hence, the equation (3.6) is satisfied for any j ≥ 0. It

is obvious that g(x) ∈C∞

{
[0, l),〈ρ j, Wj〉

}
, and consequently

R(x) = f (x)−g(x) ∈C∞

{
[0, l),〈ρ j, Wj〉

}
.

According to (2.12) and (3.5), we have∣∣∣Ã∗jR(x)∣∣∣≤ Ã∗j f (x)+
∣∣∣Ã∗jg(x)∣∣∣≤ Ã∗j f (x)+

1
Φ j(x, l2)

∞

∑
k=1

Ã∗k f (0)Uk(l2)≤

≤
f (l2)Γ(1+λ j)

(l2− x)λ j
·
( j

∏
i=1

mi(x, l2)
)−1

+
f (l2)

Φ j(x, l2)
, 0≤ x < l2 < l. (3.12)

Transforming the estimation (2.11), we get

Φ j(x, l2)>
(l2− x)λ j

Γ(1+λ j)
·

j

∏
i=1

mi(x, l2), 0≤ x < l2 < l, (3.13)

∣∣∣Ã∗jR(x)∣∣∣≤ 2 f (l2)Γ(1+λ j)

(l2− x)λ j
·
( j

∏
i=1

mi(x, l2)
)−1

. (3.14)
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The function R(x) satisfies the conditions of Lemma 2.1. Let us show that
R(x)≡ 0, x ∈ [0, l). According to Lemma 2.1, there exists δ such that for any

x ∈ [0,δ ] we have lim
n→∞

∫ x

0
Φn(t,x)A∗nR(t)dt = 0, that is R(x)≡ 0, x ∈ [0,δ ].

Denote x∗0 = sup{δ}, where [0,x∗0] is the maximal interval when R(x) = 0.
Note that Ã∗jR(0) = 0, j = 0,1, ... By Lemma 2.1 and Eq. (2.2), there exists
δ1 > 0 corresponding to x∗0 such that for any x ∈ [x∗0,x

∗
0 + δ1] we have

lim
n→∞

∫ x

x∗0
Φn(t,x)A∗nR(t)dt = 0, it means that R(x) = 0 on the interval [x∗0,x

∗
0 +δ1] and

consequently [0,x∗0] is not the maximal interval when R(x) = 0.
We get a contradiction, which shows that R(x)≡ 0 for all x ∈ [0, l) and, so,

f (x) =
∞

∑
k=0

Ã∗k f (0)Uk(x), x ∈ [0, l). �
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