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There are five precomplete classes of De Morgan functions, four of them
are defined as sets of functions preserving some finitary relations. However,
the fifth class – the class of zigzag De Morgan functions, is not defined by
relations. In this paper we announce the following result: zigzag De Morgan
functions can be defined as functions preserving some finitary relation.
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1. Introduction. It is well known that the free Boolean algebra on n free
generators is isomorphic to the Boolean algebra of Boolean functions of n variables.
The free bounded distributive lattice on n free generators is isomorphic to the lattice
of monotone Boolean functions of n variables. Analogous to these facts we have
introduced the concept of De Morgan functions and proved that the free De Morgan
algebra on n free generators is isomorphic to the De Morgan algebra of De Morgan
functions of n variables [1].

The Post’s functional completeness theorem for Boolean functions plays an
important role in discrete mathematics [2]. In the paper [3] we have established a
functional completeness criterion for De Morgan functions. In this paper we show
that zigzag De Morgan functions, which are used in the formulation of the functional
completeness theorem, can be defined by a finitary relation.

D e f i n i t i o n 1 . Let X be a nonempty set and f : Xn→ X be a function
and let R⊆ Xk be a k-ary relation on X . We say that f preserves the relation R, if for
any xi j ∈ X , i = 1, . . . ,k, j = 1, . . . ,n, we have

(x1 j,x2 j, . . . ,xk j) ∈ R, j = 1, . . . ,n⇒,

( f (x11,x12, . . . ,x1n) , . . . , f (xk1,xk2, . . . ,xkn)) ∈ R. (1)
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For a nonempty set X and a finitary relation R ⊆ Xk we say that a class M of
functions (operations) on X is defined by R, if M is the set of all functions on X that
preserve the relation R.

2. De Morgan Functions. Denote D= {0,a,b,1}. Defining 0+x= x+0= x,
0 · x = x ·0 = 0 and 1 · x = x ·1 = x, 1+ x = x+1 = 1 and x+ x = x, x · x = x for all
x ∈D, and a+b = b+a = 1, a ·b = b ·a = 0, 0 = 1, 1 = 0, a = a, b = b, we get the
De Morgan algebra 4 = (D;{+, ·,̄ ,0,1}).

D e f i n i t i o n 2 . A function f : Dn → D is called a De Morgan
f unction, if it preserves the binary relations σ = {(0,0),(a,b),(b,a),(1,1)} ⊆D2

and ρ = {(b,b),(b,0),(b,1),(b,a),(0,0),(0,a),(1,1),(1,a),(a,a)} ⊆ D2 [1, 3].
Denote the set of all De Morgan functions of n variables by Dn. For two func-

tions f ,g : Dn→D define f +g, f ·g and f in the standard way. The set Dn is closed
under operations +, ·, ,̄ and, therefore, we get an algebra Dn = (Dn,{+, ·,̄ ,0,1})
(here 0 and 1 are the constant De Morgan functions), which obviously is a De Mor-
gan algebra.

Let a= (a1,a2), b= (b1,b2)∈ 2{1,...,n}×2{1,...,n}. We say that a⊆ b, if a1⊆ b1
and a2 ⊆ b2. In this way we get a partially ordered set 2{1,...,n}×2{1,...,n}(⊆). For an
antichain S⊆ 2{1,...,n}×2{1,...,n} define the function fS : Dn→D in the following way:

fS(x1, . . . ,xn) = ∑s=(s1,s2)∈S
(
∏i∈s1 xi ·∏i∈s2 xi

)
. (2)

Notice that fS does not depend on the order of the elements in the set S [4, 5, 7].
Note that we set fØ = 0 and f{(Ø,Ø)} = 1.
For any De Morgan function f of n variables there exists a unique antichain

S⊆ 2{1,...,n}×2{1,...,n} such that f = fS [1, 3].
3. On the Functional Completeness Theorem. The concepts of essential

and inessential variables, superposition of functions, (functionally) closed and (func-
tionally) complete classes for De Morgan functions are defined analogously to those
concepts for Boolean functions [2].

Now let us introduce some important closed classes of De Morgan functions,
which will be used in the formulation of the functional completeness theorem.

For u ∈D denote by Tu the set of all De Morgan functions, which preserve the
value u, i.e.

f ∈ Tu⇔ f (u,u, . . . ,u) = u.

Obviously, f ∈Tu, if and only if f preserves the unary relation {u} and, hence,
the classes Tu are closed. Moreover, they are clones for all u ∈ D.

From the representation of De Morgan functions in DNF we conclude that Ta

and Tb consist exactly of all nonconstant functions, i.e. Ta = Tb. Denote

T= Ta = Tb =D\{0,1}.

The next class we will define is the class of quasimonotone functions.
D e f i n i t i o n 3 . A De Morgan function f : Dn → D is called quasi-

monotone, if f |{0,1}n is a monotone Boolean function, i.e. if for any two n-tuples
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α = (α1, . . . ,αn), β = (β1, . . . ,βn) ∈ {0,1}n the condition αi ≤ βi, i = 1, . . . ,n,
implies f (α)≤ f (β ) [3].

Denote the set of all quasimonotone De Morgan functions by QM. Obviously,
f ∈ QM if and only if f preserves the order relation {(0,0),(0,1),(1,1)} ⊆ D2.
Hence, QM is a clone.

Now let us give some notations, which will be used in the definition of the next
important class of De Morgan functions.

For an n-tuple γ = (γ1, . . . ,γn) ∈ Dn and for u ∈ D denote Sγ(u) = {i : 1≤ i≤
≤ n, γi = u} and |γu|= |Sγ(u)| (here for a finite set A we denote by |A| its cardinality,
i.e. the number of its elements). Now let Sγ(a) = {i1, . . . , im}, Sγ(b) = { j1, . . . , jk}.
Also let α = (α1, . . . ,αm) ∈ {0,1}m, β = (β1, . . . ,βk) ∈ {0,1}k and i1 < i2 < .. . <
< im, j1 < j2 < .. . < jk. For i = 1,2, . . . ,n denote

δi(a) =
{

γi, if i /∈ Sγ(a),
αl, if i = il ∈ Sγ(a)

and

δi(b) =
{

γi, if i /∈ Sγ(b),
βl, if i = il ∈ Sγ(b).

And finally denote γa(α) = (δ1(a), . . . ,δn(a)), γb(β ) = (δ1(b), . . . ,δn(b)). In other
words, if we move along the components of γ from left to right and replace every
component a by corresponding αi (i.e. i is the number of a’s from the beginning of γ

to current position including that position too), then we get γa(α). Analogously γb(β )
can be described. So, if we write γa(α), then we suppose that the number of com-
ponents of α is equal to the number of a’s among the components of γ . Also, if that
number is zero, then we mean γa(α) = γ . The same is valid for γb(β ) too. To avoid
complex notations we will write γa,b(α,β ) instead of (γa(α))b(β ) (i.e. γa,b(α,β ) is
obtained from γ, if we replace all a’s by corresponding αi’s and all b’s by correspon-
ding βi’s).

D e f i n i t i o n 4 . A De Morgan function f : Dn→ D is called a zigzag De
Morgan function, if for every n-tuple γ = (γ1, . . . ,γn) ∈ Dn with f (γ) ∈ {0,1} the
following condition holds:

for any α,α ′ ∈ {0,1}|γa|, β ,β ′ ∈ {0,1}|γb| with

f (γa(α)) 6= f (γa(α
′)), f (γb(β )) 6= f (γb(β

′))

we have

f (γa,b(α,β )) = f (γa,b(α
′,β )) = f (γa,b(α,β ′)) = f (γa,b(α

′,β ′)).

Denote by Z the class of all zigzag De Morgan functions. Thus, we have five
closed classes of De Morgan functions, namely T0,T1,T,QM,Z. Note that all these
classes are clones as they contain the projection functions.

In [3] it is formulated a problem to find out whether zigzag De Morgan func-
tions can be described by some finitary relations on the set D or not. In this paper
we show that zigzag De Morgan functions can be defined as functions preserving a
finitary relation on the set D.
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Observe that none of the defined five classes is contained in any other.
Now we present the functional completeness theorem for De Morgan functions

that is the main result of the paper [3].
T h e o r e m 1 . (Functional Completeness Theorem.) A class B of De

Morgan functions is functionally complete, if and only if none of the five closed
classes T0,T1,T,QM,Z contains B.

4. Zigzag De Morgan Functions Can be Defined by a Finitary Relation.
For a finitary relation R⊆ Dn denote by DR the class of those De Morgan functions
that preserve the relation R. Let us consider all 4-ary relations on the set D, i.e. all
subsets of the set D4. Denote by M the system of all classes of De Morgan functions
that preserve some 4-ary relation on D, i.e.

M= {DR|R⊆ D4}.
Note that some of this classes may be empty or coincide with D.

L e m m a 1 . If a class B of De Morgan functions is not included in any of
the classes from M, then [B] contains all De Morgan functions of one variable.

This lemma is an analogue of the Post’s functional completeness theorem for
Boolean functions.

T h e o r e m 2 . Zigzag De Morgan functions can be defined by some finitary
relation on the set D.

The proofs will be given in [7].
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